I. Introduction
Two of the perennial debates in the field of education concern the role that education should play in bringing about a more egalitarian society, and the extent to which education should be provided through the public sector rather than through the private market. While these are separate issues, they are clearly related in that it is often claimed that education can only play a positive role in bringing This paper was prepared for the U.S./U.K. conference on human capital and income distribution held at King's College, Cambridge, March 1978. It has been substantially revised in the light of comments on the earlier version presented at the conference and further comments from referees of this Journal. We should like to thank all those who provided us with feedback on the paper, but freely accept responsibility for any errors that may remain. In this paper we present a simple model in which these issues can be explored simultaneously. More precisely, we present a model in which there is the possibility of both public and private provision of education and in which, moreover, the private market is assumed to be "perfect" in that the only reason for wanting to use the public sector is to achieve distributional objectives. On the other hand, education is not the only distributional tool at the government's disposal, for we assume there is also an income tax which can alter the distribution of income both directly (by transferring income from some to others), but also indirectly, by influencing the amount of private education people choose to buy and hence the amount of income they earn. The government's problem is to determine the structure of the income tax and both the amount and the distribution of public education. By exploring the nature of the solution to this problem we hope to throw some light on the two questions we began with.
Our model has its roots in two different strands of the recent public finance literature. The first strand originates in the paper by Arrow (1971) in which he sought to characterize the optimal distribution of a given amount of public expenditure among a population of individuals who differed in their ability to benefit from this expenditure. One feature of Arrow's work is that he conducts his analysis "in some isolation from the general problem of income distribution" and consequently considers neither the question of whether the government should be using taxation rather than expenditure as a redistributive instrument,1 nor the related issue of why the expenditure is being provided through the public sector in the first place.
It would clearly be desirable to embed the Arrow approach in a more general framework in which the reasons for having at least some education publicly provided and for allocating this education differentially as part of an overall redistributive policy were fully modeled.
There are clearly a number of reasons that can be given for public provision: that education has some public good aspects, that capital markets are imperfect, etc. While we do not wish to discount such arguments, the approach which lies behind this paper rests on distributional considerations and is as follows: If we ignore capital market imperfections and any public goods aspects of education, then we know that if lump-sum taxation is available the government can achieve the first-best optimum. It does this by setting the lump-sum taxes at the right levels, leaving private markets to handle the alloca-' Some aspects of this question are explored in the papers by Bruno (1976) and Ulph (1977). S195 tion of private goods, in particular, education. In such an economy all redistribution is handled through the tax system. However, lump-sum taxation is not available, and the government has to resort to distortionary income and commodity taxation. Here we make contact with the second strand in the recent public finance literature-the work on optimal taxation. While government expenditure has been considered in some of the models in this area, it has typically taken the form of an exogenously given revenue requirement (e.g., in the work of Feldstein [1973] and Stern [1976] ) or as financing the provision of pure public goods (Diamond and Mirrlees 1971) . What is not considered is the possibility of direct provision of private goods in the sense that the government simply gives people a certain amount of a given commodity free of charge, or, alternatively, compelling people to buy a certain minimum amount, at the same time providing them with a grant to make the purchase. It is an easy exercise to show that in some fairly simple models of optimal income taxation with private educational provision (such as the one we develop in Section III of this paper), the introduction of such a minimum compulsory purchase of education is a welfare improvement.2 Unfortunately, for reasons which will emerge when we have considered this model in detail, and to which we will return in the concluding section of the paper, we have as yet found it quite hard to say much more than this, and in particular to say how this minimum provision (and the tax schedule) should vary with any observable characteristics of individuals (the original Arrow question).3 Accordingly, in this paper we present a much simpler model with which we can study the interaction of tax and expenditure policies when there is both public and private provision of education, though the model itself does not contain the full rationale for such government provision. Thus we assume that there is a single attribute-"ability to benefit from education"-which can be observed by the government for the purposes of allocating education but not for levying taxes. While clearly unsatisfactory as part of a model which seeks to give a full justification of government provision of education, the assumption can nevertheless be justified as a fairly realistic description of some aspects of education and tax policy (e.g., special 2 All that is required is to show that the constraint will bind for those with a positive marginal tax rate. For then the introduction of the constraint will raise net revenue for the government, which has positive social value, while having no effect on welfare to the first order of approximation. Kevin Roberts (1978) has shown that this argument also goes through in the case where people face a zero marginal tax rate, though in this case it is necessary to consider second-order approximations to the gains. 3 Of course, if the tax system can be related to observed variables there would have to be some unobserved variables so that the problem does not reduce once again to the first-best optimum. provision of educational resources to inner-city areas, without a corresponding tailoring of the income-tax system to residential location).
Two additional simplifying assumptions should be pointed out at the outset. First, as indicated, we are ignoring capital market imperfections, and so the model is collapsed to a timeless or one-period model. Without modeling such imperfections fully, it would be possible to reintroduce these considerations into the model by having some other unobservable "family background" variable which influences the costs of achieving any given wage rate. As indicated above, this is precisely the type of model we had started out with, and as yet we can say little about the nature of its solution.
Second, we assume that individuals supply a fixed number of hours of work. This has two implications. The first is that by a combination of the two policies the government can still achieve the first-best optimum. However, as this involves 100 percent marginal tax rates, an option that would certainly not be optimal without this assumption, we have to remove this first-best solution by imposing an upper bound on the marginal tax rate. The second implication is that we cannot allow the possibility of having educational expenditure offset against income for tax purposes. If we allow this possibility, then as long as marginal tax rates are less than 100 percent the individual will choose the amount of education which maximizes his gross earnings net of education costs. This amount will be independent of the particular tax schedule chosen. But then with effectively fixed labor supply, it will always be an improvement to bring marginal tax rates as close to 100 percent as possible. Consequently, we get no interesting solutions to the problem. Both of these complications can be removed by dropping the fixed-labor-supply assumption, and in a forthcoming paper (Hare and Ulph 1979) we have been able to extend our analysis to this case. Many of the conclusions of this model, however, continue to go through.
Having set out some of the broad features of the model, let us look at it in more detail.
II. The Model
We consider a population of individuals who differ in their "ability to benefit from education." This ability is assumed to be measured by the scalar n.
Ability is distributed in the population with density functionf(n). We assumef(n) > 0 for n _ n _ ni, where n > 0,n '-o. The restriction n > 0 is not crucial to the general analysis we undertake, but when we come to take a specific form for our education equation, some of the properties we want to impose on the function will not be valid if n = 0.
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If an individual of ability n receives an amount of education e, his wage rate, w, is given by the equation w = (n,e).
(1)
We assume that for all n, n -n _ n? , and for all e _ 09 oPi > 0,? e > 0,? ee < ? Otte > 0.
The first two assumptions are that both ability and education are productive, the third that there are diminishing marginal returns to education, while the final assumption states that those of higher ability benefit more at the margin as well as in absolute terms from any given amount of education. This is in many ways the crucial sense in which people benefit more from education. We assume that everyone works the same fixed number of hours, and consequently choose units so that w measures an individual's gross earnings.
For most of the analysis it will be convenient to invert Q( ) and work with the cost function e = q(n,w), 
giving the amount of net income, x, received by an individual whose gross income is w.
The government also chooses how much education it will give to an individual of ability n. This education is a perfect substitute for private education, and the individual can choose, if he wishes, to augment the government provision by purchasing additional education privately. However, it is crucial to the model that the government provision cannot be sold, since otherwise government education is effectively a lump-sum subsidy. We discuss this point more fully in the concluding section.
In deciding whether or not to purchase private education, the individual is assumed to make the decision which maximizes consumption. That is, he chooses w so as to
IwO subject to 4i(nw) ' g(n). Notice that this formulation of the budget constraint embodies the further assumption that educational resources are being measured in the same units as consumption or income.
Finally, the government has to choose z(w) and g(n) so as to maximize the social welfare function W =fu[c(n)]f(n)dn (7) n subject to the resource constraint that total outlays on consumption and education do not exceed total income, Jf{c(n) + ql[n,w(n)]}f(n)dn fw (n)f (n)dn, and subject also to the requirement that the functions c (n), w (n) arise from the individual maximization decisions in (6).
The solution to this problem will be investigated in detail in Section V. Before considering that, it will be useful to look at the optimal structure of each policy in isolation.
III. Income Taxation with No Public Provision of Education
In this case, the individual's problem is to choose his wage and consumption so as to max c such that c + qi(n,w) _ z (w).
CwV?O
The first-order characterization of the solution is
At an interior solution, z' (w) > 0, so the marginal tax rate is less than 100 percent, while, differentiating the budget constraint, we find
This is just an envelope result stating that as long as each individual is choosing his optimal income, consumption increases with ability to the extent that the more able need spend less on education to achieve the same wage rate as the less able.
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The government's problem is to choose c( ), w( ) so as to max u[c (n)]f (n)dn such that {c(n) + i[n,w(n)]-w (n)}f(n)dn '0O. (11) and subject also to the constraint that c () and w () arise as solutions to the individual maximization problem. Before considering the solution to the government problem, notice that we can rewrite the individual and government problems in the following way:
Let v(x,w,n) u[x -q(n,w)] be the utility an n man achieves from net income x when he has to spend the amount tf(n,w) to earn gross income w. Then (8) From the definition of v (-), it is easily seen that, when w = 0, -v1/vX = qi1(n,O). If this is independent of n (which is certainly the case for a function such as 0 = ne'), then the phenomenon of bunching can arise, and it is no longer possible to conclude that the marginal tax rate must be zero at the bottom end of the income range.
In fact, the only way in which bunching can arise in this model is if the marginal tax rate is 100 percent at the bottom end of the income range, thus causing individuals with ability lying in some finite interval (n,n + 6) to choose zero education (and income). In the Appendix we show that with the assumptions we have made about 0 and z, this possibility is ruled out. Consequently, individuals will always choose w > 0, and we can now characterize the government's problem as Introducing Lagrange multipliers X and a(n) for these constraints and integrating by parts, we obtain the following first-order conditions:
X(1 -J1)f(n) = -a(n)Ii.,
along with the transversality conditions a(n) = a( ni) = 0. Now (1 -atl,) is just the marginal tax rate faced by an n man, so (13) combined with the transversality conditions confirms that the marginal tax rates will be zero at each end of the income range. Moreover, we must have u'[c(n)] > X, since otherwise, as c rises and u'(c) falls steadily with n, (12) would imply that a falls continuously, so violating the end-point condition a(n) = 0. Thus a starts at zero, increases until u'(c) falls to X, and then falls to zero again. This implies a positive marginal tax rate on the interior of (n,ni). Other things being equal, this behavior of a would be reflected in the behavior of the marginal tax rate, but at this level of generality there is not much that can be said about the behavior off(-) and 'f11g Let us turn attention then to the nature of the optimal education choices that individuals make. By considering the first-order conditions for individual choice (9) we can see that if an n man were to choose the same wage as an n' man, n' < n, then given that lPl < 0 (when w > 0), it follows that z'(w') -qi,(n,w') > 0; so provided (z' -qAl) is falling in w (as the second-order conditions for a maximum require), the n man will choose a higher wage than the n' man. Thus the optimal policy is, in Arrow 
For the particular case tP = n-1lw"1, this becomes (nw'lw) > 1, so that a 1 percent increase in ability must bring about a more than 1 percent increase in the wage rate. By differentiating (10) totally with respect to n, we find, after some manipulation, that nw' -_ nipl~r~t4SA ,, ,, which can be either greater or less than one, and so unfortunately does not enable us to say much more about the nature of the optimal educational outlays without computing the full solution to the problem. Some preliminary calculations we have performed suggest that it is certainly possible to find examples where the optimal educational input will be falling over the initial ability range, so that educational inputs will be progressive. We conclude, then, that when the government can control educational expenditure solely through an income tax, expenditure is always output regressive, and if input progressive at all will only be so at the lower end of the ability range.
IV. No Income Taxation: Public Provision of Education
We assume now that the government has a fixed amount, G, of education which it can allocate among individuals of different abilities.
Suppose an individual of ability n is allocated an amount of education, g; he then chooses the amount of private education he wishes to purchase, e, so as to 
It is then easy to see that the full solution has the property that the ability range is split into three separate intervals, within each of which the solution has different characteristics. First interval: In this interval, g(n) > 0 and e(n) = 0, that is, these individuals consume only public education. The phase is characterized by HE < 1, u'(c) > X. This phase covers the lowest part of the ability range, as well as the lowest part of the consumption distribution. Since there is no use made of the private market for these cases, the characteristics of the solution are as given by Arrow (1971), Bruno (1976) , and Ulph (1977). Thus those of higher ability will have greater earnings and hence consumption. On the other hand, educational inputs may or may not increase with ability. If the government gives a sufficiently high weight to equality, then the optimal policy involves giving more education to those of lower ability than those of higher ability.
Since consumption rises with ability, the marginal utility will eventually fall to X and we enter phase 2 of the solution.
Second interval: g(n) > 0, e(n) > 0 (both public and private education). Here kE = 1 and u'(c) = X. It follows from the latter condition that consumption is constant on this regime. Since the marginal re-turn is constant, it follows that those of higher ability are obtaining more education in total than those of lower ability. But this implies that their gross earnings are higher than those of lower ability. Since their consumption is constant, this implies that private educational outlays are rising just as fast as earnings to leave consumption outlays constant. It follows, further, that public provision of education is being steadily reduced with ability so that this withdrawal of provision is essentially acting as a tax on the individual.
Eventually government provision of education is cut to zero and we enter phase 3 of the solution, corresponding to the highest abilities.
Third interval: g(n) = 0, e(n) > 0 (private education only). Here PE = 1 and U'(C)cE < X, that is, u'(c) < X. The constant marginal return again implies that those of greater ability spend more on education than those of lesser ability, which implies that they have higher earnings. It is straightforward to show that these rise faster than the expenditure on education, leaving individuals with higher ability a greater amount of consumption.
We see, then, that allowing for the existence of a private market alters Arrow's rules quite considerably. Public education is now to be concentrated at the lower end of the ability range with individuals of very low ability being given more education than they would choose to buy voluntarily on the private market. Individuals of higher ability consider it worthwhile to enter the private market to supplement what is being provided by the state. At this point the systematic withdrawal of public education acts like a tax, and it is now possible to achieve perfect equality. Finally, those with highest ability obtain no public education.
Having studied the effects of the two policies in isolation, let us turn now to the main part of the paper and consider their interaction.
V. The Two Policies Combined
In this section we investigate the nature of the optimum policies when the government can choose both the level of education it gives to individuals of different abilities and the income-tax schedule. Now if the choice of instruments is unrestricted, the government can easily achieve the first-best optimum. For it can set the marginal rate of income tax to 100 percent, thus driving everyone out of the private market, and then allocate government expenditure so as to maximize aggregate consumption which is distributed equally through a uniform lump-sum tax.
This strong and not very interesting conclusion reflects the very simple structure of the model we have been analyzing and would not apply in a more general model which incorporated, for example, the possibility that individuals could choose how long they wanted to work at any given wage, and in which 100 percent marginal tax rates would be inappropriate. Consequently, in order to obtain some understanding of how the two policies would interact in a more realistic model, we have chosen to proceed by simply ruling out 100 percent marginal tax rates rather than model directly the factors which would make such tax rates inappropriate. In the light of recent work we have undertaken with more general models, it turns out that the general conclusions we obtain by this ad hoc device are correct.
To understand how we model this constraint on the marginal tax rate, we begin by examining the choice that confronts the individual. An individual of ability n has, once again, to choose the amount of private education he wants to purchase given that he has already received g(n) ' 0 units of education from the government and confronts an income-tax schedule described by the function z(w) Equation (29) is just an extension of (10) and says that along the optimal consumption trajectory, unconstrained individuals of higher ability obtain increases in consumption equal to the increment in government education they receive (which could be negative if g' < 0) plus the saving in educational outlay they obtain just by virtue of being more able, while constrained individuals only make a proportion of this gain because they are unable to reduce their private outlays below zero. Notice also that given (26) 
With transversality conditions, a(n) = a( ni) = 0.
We shall show that once again there are three distinct types of solutions to these conditions. In the first the individual purchases no private education but is allocated some government education. In the second the individual consumes both public and private education, while in the third he consumes only private education.
Given the number of equations and variables involved, it is not possible to determine completely all the characteristics of the optimum solution without direct computation. In particular, we have not been able to determine the precise conditions under which the solution will pass through these various phases. What we shall explore, however, is the nature of a solution which is assumed to pass continuously through all three phases. It will be shown that once again such a solution will divide the ability range into three intervals, people with ability in the lowest interval being in the first phase, and those in the middle interval occupying the second phase. It will turn out to be useful to investigate the intervals in reverse order.
Third If we ignored the tax constraint (35), the solution on this interval would be formally identical to that of a problem of the type considered in Section III. We saw there that marginal tax rates would not reach 100 percent and would certainly be falling at the top of the ability range. Since we can choose how small to set E, it seems reasonable to conclude that the constraint (35) can be chosen so as not to be binding on this interval. All the properties of this interval therefore follow from our discussion in Section III. Consequently, we can turn to an examination of the second interval.
Second interval: Here individuals receive both public and private education. That is, qj > g > 0. This implies once again that v--1, Iy= 0, but now (39) is an equality and implies a' 0. But then, from (36) u'(c) = X, so consumption, and hence utility, are constant on this interval. It is clear why this is so, for the government withdraws public education from individuals at just the rate at which their requirements for education are falling (assuming they keep their gross income constant). Of course, individuals of higher ability have higher marginal returns from education and so choose to earn more than those of lower ability, but since the net return they obtain on this higher wage is just equal to the additional outlay on education required to increase the wage, there is no gain to consumption. In other words, while the direct rate of income tax is less than 100 percent, the combination of direct tax and withdrawal of benefit gives an effective tax rate of 100 percent.
From ( On the first interval, it turns out that the constraint imposed to prevent the occurrence of 100 percent marginal rates of income tax must be binding on some open interval of ability levels. When it is binding, the optimal policy is output and welfare regressive. Moreover, at least for the specific functional form used for illustrative purposes, education policy is input regressive. Uniform utility and consumption are maintained on the second interval. Although the marginal income-tax rate is below 100 percent, the combination of this tax with the gradual withdrawal over the interval of public educational provision produces an effective tax rate of 100 percent. Of course, more able people do earn more, but they generate more tax revenue and pay for more of their own education, the net effect being a constant level of consumption.
Finally, the optimal policy on the third interval is always output regressive, and will normally be input regressive. Thus over the higher ability range, both consumption and private expenditure on education will typically increase with ability.
Overall, therefore, it is clear that the egalitarian nature of the solution will depend critically on the relative size of interval 2 in relation to the other intervals. The combination of tax and public education provision does produce more egalitarian outcomes-and generates higher welfare-than either policy considered alone. Unfortunately, we cannot be more specific about the likely magnitude of the gains involved here without carrying out detailed numerical calculations. Considerations of time and space have prevented us from doing this in the present paper.
VI. Conclusions
There are, understandably, some major limitations to the model we have been considering in this paper, so that it should be regarded as a very preliminary investigation into the issues raised at the outset. Some of the difficulties, such as fixed labor supply, can be removed at the expense of some additional technical difficulties but without substantially altering the structure of the model or its conclusions (Hare and Ulph 1979).
The most difficult feature of the model to justify, however, is the asymmetrical treatment of the information available to the government. As we indicated in Section I, we can certainly formulate a model in which it is desirable for the government to impose a required minimum purchase of education and to have this minimum level (as well as the tax system) related to observable characteristics, while other characteristics remain unobservable. Suppose that some of the unobservable characteristics affected educational costs. Then for any given observations we would have to solve a problem similar to that in Section V of the paper, except that g could not vary with n (the unobservable element in costs). But as we saw in Section III, it is not at all clear what the structure of private education purchase is like at the bottom end of the ability range. Hence it is not at all clear for what subgroup of the population a given constraint would bind. This makes it quite difficult to say how the minimum level of g should vary with the observable characteristics.
Nevertheless, the analysis of the much simpler model of this paper should prove helpful in understanding and resolving the difficulties of the more general model.
Appendix
In this Appendix we will show that if the tax schedule is continuous, then it is impossible to have 100 percent marginal tax rates at the bottom end of the tax schedule. Suppose, to the contrary, that we did have 100 percent marginal tax rates on income up to W* and that thereafter the marginal tax rate was less than 100 percent. Such a schedule is shown as ABQ in figure 1. Consider the consumption of an individual of low ability as a function of W. This is shown as the curve ADE, reflecting the fact that by the time this individual has raised his wage to W*, diminishing returns are setting in so fast that his consumption keeps on falling, even though the marginal tax rate is falling. This individual's optimal W is zero. A higher-ability individual may have a consumption curve such as AFGH, which again would lead to a choice of zero W even though his consumption rises after W*. Clearly as n rises there will be an n* whose consumption curve is just tangent to the extension of the line AB. This n* will have the property that all individuals with n > n* will choose to have positive W, while those with n < n* will have W = 0, and utility given by the utility of consumption level OA. Thus by choosing the height OA and the distance OW*, the government can control the level of ability at which people choose to have a positive wage and the level of utility for those who choose a zero wage. 
On the other hand, we know that the marginal tax rate is positive and less than 100 percent at zvw, that is, 0 < &Pn0,w (no)] < 1.
But given our assumptions on qf, marginal cost must always exceed average cost; hence (A8) implies tP[n0,w(no)] < wo, and so w,,0 < 0 (as long as no > n). Hence it can never be optimal to have no > n, and so there is no region of 1 00 percent marginal tax rates.
